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Abstract
The effective one-loop potential on Rm+1 × SN spaces for massless tensor
fields is evaluated. The Casimir energy is given as a value of ζ− function
by means of which regularization is made. In even- dimensional spaces the
vacuum energy contains divergent terms coming from poles of ζ(s, q) at s = 1,
whereas in odd-dimensional spaces it becomes finite.
The appearance of divergent vacuum energy is one of peculiarities of quantum field
theory. It is the well-known fact. However, in the presence of external constraints
(external fields, nontrivial topology, curved space) the absolute value of vacuum en-
ergy, in principle, appears to be a measurble quantity. For instance, the phenomenon
of nontrivial vacuum energy underlies the Casimir effect. Vacuum fluctuations in
quantum field theory have been a subject of extensive research. [1] The contribution
of vacuum energy in the Robertson-Walker model and Kaluza-Klein theory, where
in place of an external field, the nontrivial background geometry (curved space) acts
as the source to perturb vacuum, was computed in a series of works [2],[3], [4]. Anal-
ogous evaluations [5] are performed for massless scalar fields with coupling ξR and
a massive spinor and vector fields on Rm×SN , Rm×CP 2, where R is the curvature
radius, Rm is the m-dimensional Euclidean space, SN is the N-dimensional sphere,
and CP 2 is the projective space.
In the present work, we have calculated the one-loop effective potential for massless
tensor fields on R1 × S3, R4 × S3.
1. The One-Loop Potential for Tensor on Rm+1 × SN
For the manifold Rm+1 × SN we introduce the metric as gAB = ηAB + r
2hAB where
ηAB =
[
ηab 0
0 0
]
, hAB =
[
0 0
0 hαβ
]
A = 1, . . . , m+ 1 +N ; a = 1, . . . , m+ 1;α = 1, . . . , N
1
the equation for eigenvalues of the Lichnerowitz operator is as follows:
(∆˜T )AB = −∇c∇
cgABT
D
B − 2RADBFT
DF +RADT
D
B +RBDT
D
A = λTAB (1)
On SN , the curvature tensor and its convolutions are introduced by
Rαβγδ = r
2[hγαhδβ − hαδhγβ], Rβγ = (N − 1)hβγ, R = N(N − 1)/r
2. (2)
Let us expand the field considered harmonically as follows
Tab = T¯ab(x)Y (y), Taα = Va(x)Yα(y), Tαβ = S(x)Yαβ. (3)
In terms of the metric tensor, expressions (2) and expansion (3), equation (1) takes
the forms:
(∆˜T )ab = (k
2 + λ20)Tab, (∆˜T )aα = (k
2 + λ21)Taα, (∆˜T )αβ = (k
2 + λ22)Tαβ ,
where
−∇α∇
αY = λ20Y, (−∇β∇
β +N − 1)Yα = λ
2
1Y, (−∇α∇
α + 2N)Yαβ = λ
2
2Yαβ.
Throughout we set r of sphere = 1, for simplicity.
1.1 Evaluation of eigenvalues λ22 for tensor fields
The eigenvalues and degeneracies for scalar and tensor fields were determined in
Ref. [5]. We consider the symmetric traceless second order tensor in the (N + 1)−
dimensional Euclidean space ˆTαˆβˆ with
−∇α∇
α ˆTαˆβˆ = 0.
The symmetric fields on the sphere SN = SO(N + 1)/SO(N) can be expressed
through sperical harmonics on SO(N + 1) with the components in SO(N):
−∇2Tαβ = [c
SO(N+1)
2 (l, p, 0, 0, . . .)− c
SO(N)
2 (2, 0, 0, . . .)]Tαβ .
From the general theory of representations it follows that
c
SO(N+1)
2 (l, p, 0, 0, . . .) = l(l +N − 2) + p(p+N − 4),
which leads to
−∇2Tαβ = [l(l +N − 1) + p(p+N − 3)− 2N ]Tαβ .
From the orthogonal expansion of tensor Tαβ we obtain
Tαβ = T
⊥
αβ +∇αV
⊥
β +∇βV
⊥
α + (2−
2
N
)∇2φ
2
where Vα = V
⊥
α +∇αφ, ∇
αT⊥αβ = 0, ∇
αT⊥α = 0. Therefore
λ22s = l(l+N−1), λ
2
2⊥
= l(l+N−1)+2(N−1), λ22v = l(l+N−1)+(N−2). (4)
The degenerations of eigenvalues λ22⊥ are defined by dimensional representation
(l, 2, 0, . . .)
D2(N, l) =
(N + 1)(N − 2)(l +N)(l − 1)(2l +N − 1)(l +N − 3)!
2(N − 1)!(l + 1)!
. (5)
The degenerations of (λ22⊥)v and (λ
2
2)s are determined by dimensional representations
(l, 1, 0, 0 . . .) and (l, 0, 0, . . .), respectively.
2.Evalution of the One-Loop Potential (OLP)
The initial object to calculate the effective potential is Tµν(∆˜T )
µν , where ∆˜ was
defined in Ref. [6]. The formal expression of OLP is given as
V
(1)
eff =
1
2Ω(Rm+1)
Ln det∆˜,
where Ln det∆˜ is given by the following expression
Ln det∆˜ =
∫
dm+1k{
∑
∞
n=0
(m+1)(m+2)
2
D0(N, n)Ln(λ
2
0 + k
2)+
+
∑
∞
n=1(m+ 1)D1(N, n)Ln(λ
2
1 + k
2)+
+
∑
∞
n=1(m+ 1)D0(N, n)Ln(λ
2
0 + k
2) +
∑
∞
n=2D1(N, n)Ln(λ
2
1 + k
2)+
+
∑
∞
n=2D2(N, n)Ln(λ
2
2 + k
2) +
∑
∞
n=2D0(N, n)Ln(λ
2
0 + k
2)}
With Di(N, n) and λ
2
i the regularized effective OLP has the form
V
(1)
tn = Lims→1
Γ(−s−m/2)µ2ǫ
2(4π)m/2Γ(−s/2)
[
∑
∞
n=0
(m+1)(m+2)
2
(2n+N−1)Γ(n+N−1)
Γ(N)n!
(n(n+N − 1))
m+s
2 +
+
∑
∞
n=1(m+ 1)
n(n+N−1)(2n+N−1)(n+N−3)!
(N−2)!(n+1)!
(n(n+N − 1) + (N − 2))
m+s
2 +
+
∑
∞
n=1(m+ 1)
(2n+N−1)Γ(n+N−1)
Γ(N)n!
(n(n+N − 1))
m+s
2 +
+
∑
∞
n=2
n(n+N−1)(2n+N−1)(n+N−3)!
(N−2)!(n+1)!
(n(n+N − 1) + (N − 2))
m+s
2 +
+
∑
∞
n=2
(2n+N−1)(n+N−3)!(n+N)(N+1)(N−2)(n−1)
2(N−1)!(n+1)!
(n(n+N − 1) + 2(N − 1))
m+s
2 +
+
∑
∞
n=2
(2n+N−1)Γ(n+N−1)
Γ(N)n!
(n(n+N − 1))
m+s
2 ]
For R1 × S3 representing the Robertson-Walker space-time, V
(1)
tn (m = 0, N = 3) ≈
−3.65631
ǫ
− 4.2372, where the relation
∞∑
n=0
(n+ q)l((n+ q)2 +M)
m+s
2 =
∞∑
n=0
Γ(k − m+s
2
)(−1)k
Γ(−m−s
2
)k!
ζ(2k − l −m− s, q)Mk
3
is used. Also, we obtained for R4 × S3: V
(1)
tn (m = 3, N = 3) ≈ 0.0262. In this case
the Γ− function poles for negative values of the argument of Γ(k − 2) at k = 0, 1, 2
are compensated by zero of ζ−function at negative integer values of its argument
according to the reflection property:
Γ(−z)ζ(−2z) =
ζ(1 + 2z)Γ(1+2z
2
)
pi2z+1/2
with Γ(−l) = Γ(−k)(−1)k+lk!/l!. It should be emphasized that the OLP on odd-
dimensional manifolds has finite values. This is evident from the spectral properties
of the Lichnerowicz operator that contrubutes only to the kinetic part of the La-
grangian, and the corresponding invariant counterterms R2, R2µν , R
2
µνσδ contain an
even degree of r,only. Therefore they can’t be constructed in an odd-dimensional
space without some additional dimensional parameters. And vice versa, in an even-
dimensional space the divergent part may be compensated by a specific combination
of invariants constructed from the curvature tensor and contractions of the latter.
In a 4− space this combination looks as α1R
2 + α2R
2
αβ + α3R
2
αβγδ with arbitrary
coefficients αi. For the case of scalar and spinor fields this combination is defined
as a conformal anomaly and turns out to be [6]
A(sc) =
1
180
RαβγσR
αβγσ − 1
180
RαβR
αβ + 1
72
R2,
A(sp) =
1
720
[
5
2
R2 − 7
2
RµνρσRµνρσ − 4R
µνRµν
]
.
The coefficients αi were computed in a 4-dimensional space for the electromagnetic
and gravitational fields [7]. The results demonstrate that the values of OLP for
tensor fields give the main contribution to the vacuum energy in comparison with
scalar, spinor and vector fields ( compare with results of Ref. [5]). This means
that the contributions to the vacuum energy on a compact space are ensured by the
quantum corrections due to the gravitational field.
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